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Some Properties of a Generalized Hypergeometric 

Function. 

By F. H. Jackson. 



In Heine's Kugelfunctionen, Vol. I, Appendix to Chapter 2, some proper- 
ties of the series 

14- -«)(!-&) x , (l-a)(l-ag)(l-6)(l-ftg) x > 

4- = $[a,b, c,q, x] 

are given. The three-fold symmetry of this series is investigated by Professor 
L. J. Rogers, p. 171, Vol. XXIV, Proc. London Math. Soc. In this paper some 
properties of the more general series 

i+ ^^ + I ^+™^ ^ + .... a ?([.]WlrW (i) 

will be investigated. 

m« — i 

Here [a] denotes *- — . 

L J p — 1 

Owing to the form of the indices of the element x, namely, [Z] . [2?], etc., a dif- 
ferential equation for F can be found analogous to the differential equation of 
the Hypergeometric Series : 

F reduces to $> [a, b, c, q, a?] if for j>° we substitute a : 
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The differential equation satisfied by F is 

= * H 08] j -P([a + *][/? + q[y] • * . as) 

-^([a + dOS + qM*.^)}- (2) 

in which d . d 

is 



d(x) d(x™)' 

d* . d d 

is 



d?(x) d (x pl ) ' d (as) ' 

differentiation being with regard to x m , x p ' m , sc p * p] , etc., successively as inde- 
pendent variables. 

That .F satisfies the above equation can be shown by a method analogous to 
the ordinary method for integrating equations in series. See Proc. London 
Math. Soc, series 2, Vol. I, page 83. 

The principal results to be obtained in the following analysis are 

FttaireiM «*—<•) = r (!>-<*-- ftl) r(|>]) (3) 

r does not denote Buler's G-amma-Function but a certain convergent infinite 
product which reduces when p = 1 to Euler's Gamma-Function. Theorem (3) 
is well known and is due to Heine. The second theorem is, I think, new. 
Differentiating the series ^([^[^[y] .%x), term by term, we obtain 

^ ) = I ^^([« + w+q[y+^')- 

Also F( [a] [/3][y] ^x) — F([a][^}[y — T] Xx) is a series in which the term in- 
volving x iml] is 

[aj[q + Z] .... [a + (m-l)q.r J 3]r J g + ;] .... [ff -f. ( OT - 1) Z] 

H m ■■■■ M • Cy] ry + q....[y + Cni-i) q 
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If ^ = a, this reduces to 

_ [g][a + q..--[g + («»-i)q.Ci3i[ff + q...-|jg + («n-i)q ^-^w 
[7][Xj ....[(«- i>q . [>-?][>] • • • • [r + («- i)q p 

which is the general term of 

that is of p*- l x m dF 

So we have 

^(WMM ^)-^([*][r'] M - - g~q • Jfj • (5) 

Similarly we may show that 



(6) 



a- m dF 

F([a] 08] [y] , ^ ») - Jt W 08] lr-Q **) = - j^^ . j^ . 

Now in the differential equation 

X [a] [P]F+{ Xpr [0 + q an + V H * m ~ 0] * d ^ 

= HM * W[« + W + ^M **) - ^(O + QD 3 + z 3[y] ^')f> (7) 

-^- is finite, pro- 

vided p' <C 1 ; 
so choosing a=/) v_a-3_ ' to make the bracket coefficient of « , , vanish we 

obtain from the differential equation 

jpr — »-'[a]08]J([a][(8][y]j»'— '-«) 

putting A —py-°--^- 1 in (5) and eliminating -g-^- between (5) and (8) we 

have a relation 
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a relation between quasi-successive functions. This relation does not enable us 
to express -^([a][/3][y] py- a ~ p ~ l in the form of an infinite product as would 
have been the case if the X (namely pv-"-?- 1 ) in the F on the right side had 
been py-°—v-u. When p is made unity { [y — a — ?] + p v_ ' [ — /?] } reduces to 
(y — a — /? — I) and we have 

from which F{a(5y) may be expressed as an infinite product. To obtain a rela- 
tion between two successive functions -^([a][/3][y] p y ~ a ~ ? ) and 

^([a] [/?][>— ?] ^-«-^- ! ) we eliminate ~r between 

^(HCfflM **) - ^(WraCr - q a*) = -fpjj ^> ( 10 ) 

and ^(wraw, v. «) - ^(WQ3]i> - n m = - p^tj g". en) 

and we obtain 

(*'-'- l)^(M[/?][y-?]^, <c) =/^([«]ffl[y]yte) 

-i^([a][/3J[ r ]M. (12) 
From the differential equation we have 

+ J»*-""'"»[o][j8]J'([o]D8][y]p' — '-0 = 0, (13) 
also we have from (6), putting X =py~ a -^- 1 , 

[^ ) ]_=[y-«]^(WM[y-^- a - p - ! )-i ?, ([«][/3][y]^- a ^)h(i4) 

and from (12) we have, putting % = pv- a - f) - 1 , 

=* , - , '(HMMr- O-^(W[/?][y]^-°- p -0- (is). 

Eliminating I Ty-^ between equations (13) and (14), then eliminating 
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^([ a ][/3][y] py~ a -^- 1 ) by means of (15), we obtain 

a relation between successive functions from which by repetition we have 

= z fr-aXy-a+q . • [y-a+(&-i) q.[y-/3 ] [y-fl+q ■ . fr-j3+(fe-i) f| 
..." [y][y +f] •• [y+(&-l)(].[y-a-/?] .. [>,_«-/?+ (&-i)q 

X i^( [a] [/JKy + fc/]^-* -* + *'). (16) 

Bach of the four infinite products on the right side of the above is convergent if 
p'< 1 and F{\a\\p\[y+M\p> -*-? + *) = 1 when h is infinite and^'< 1. 
So we write 



r(fr])r([ y -tt-ff 



] = ^(HM[y]p'— '); (i7) 



r([y-o])r([y-/6r 

and by the help of (9) we deduce 

-r(fr])r([y-a-fl) |[ y - q_ z] +i >y-' [-/?-]} 

r ([y - a]) V([y -/?])• [>_«_£_?] 



(18) 



If we consider^)' not as a simple element but as compounded of the form 

p l {p l i....p), 
then p a+rl is 

pt l + r \ pf +rh p? +rU . 

The series J^can be transformed into various series such as 



l+P y ~ ~i 



p a — 1 . p ? — z 
pi- I . p y + z 



^ F P l —i.p il —i.py + z.pT +l +z +•■■•' W 

The following theorems obviously follow from the foregoing : 

'(WDSIM*'-"- 0-^([-«] Iffl I>- »] ?'-*) = 1, (21) 
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^([«]M[y]i' v -0.%][-^][y-^Ji' T -1 = i. (22) 

- — - [y _ a _ /? _q [r _ /3 _ z] - W 

- l [y-/3-?]+^-'[-«]H[ r -7]+^-^-'[-a]^ , . 
~ [ y -a-/3-Z][y-a-Z] ' <"> 

"[r-FO'lH-O+z-'HilH+r^'t-^ 

X^(M[-/8][y-^]^ — 0, (25) 
p« |j8]^([a]C8][y] to) - *X[a][/3 + ?][y] to} 

= 2* [a]\F(ta-}tf}[y] to)- ^([a + Offlfr] to)} (26) 

= i-fflj," + J^L ess'* 

Other solutions of the differential equation give rise to the series 

ajP-d J* ([a + Z — y] Q8 + I - y] [2? - y] sb*-**,) , 
and 

[a][q + Z][y-a-Z][y-a-27] j>»'-»° r- 8Z _ a1 
[J][2T]|jS — a- Z][|8 — a— 2?] " K 1" • • • • i 

the connection between the various solutions must be reserved for another paper. 



